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Abstract 

We study hypersurfaces either in the De Sitter space S"^^ C K"^'^ or in the anti De 
Sitter space H""''"'^ C R2~''^ whose position vector ip satisfies the condition Lktp = Aip + b, 
where Lk is the hnearized operator of the (fc + l)-th mean curvature of the hypersurface, for 
a fixed A; = 0, . . . , n — 1, A is an (n + 2) X (n + 2) constant matrix and & is a constant vector 
in the corresponding pseudo-Euchdean space. For every fc, we prove that when A is self- 
adjoint and b — 0, the only hypersurfaces satisfying that condition are hypersurfaces with 
zero (fc + l)-th mean curvature and constant fc-th mean curvature, open pieces of standard 
pseud o-Riem annian products in S"+;J_(§1" (r) x §"-™(Vl-r2), H™(-r) x S"-™(Vl + r2), 
§7'(Vl - r2) X §"-"(r), H'"(-\/r2 - 1) x §"~"'(r) ), ope n pieces o f stand ard pseudo- 
Riemannian products in Wl+'^ (M' ^i^r) x §"-™(^^^~~T), W^i-VTT^) x ^"-'"(r), 
§m^^^2 _ X H"-"'(-r), H"(-Vl - 7-2) X H"-™(-r)) and open pieces of a quadratic 
hypersurface {x G M"+^ | {Rx,x) — d}, where i? is a self-adjoint constant matrix whose 
minimal polynomial is t'^ + at + b, a? - Ab < 0, and M^+'^ stands for C K"+^ or 

H"'''^ C Rj^^. When Hk is constant and 6 is a non-zero constant vector, we show that 
the hypersurface is totally umbilical, and then we also obtain a classification result (see 
Theorem 2). 
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1 Introduction 



It is well known that the Laplacian operator of a hypersurface M" immersed into is 
an (intrinsic) second-order linear differential operator, which arises naturally as the linearized 
operator of the first variation of the mean curvature for normal variations of the hypersurface. 
From this point of view, the Laplacian operator A can be seen as the first one of a sequence 
of operators {Lq = A, Li, . . . ,L„_i}, where stands for the linearized operator of the first 
variation of the {k + l)th mean curvature, arising from normal variations of the hypersurface 
(see, for instance, [IB]). These operators are given by Lk{f) = tr(Pfc o V^/), for a smooth 
function / on M, where denotes the A:th Newton transformation associated to the second 
fundamental form of the hypersurface, and V^/ denotes the self-adjoint linear operator met- 
rically equivalent to the hessian of /. In particular, when k = 1 the operator Li is nothing 
but the operator □ introduced by Cheng and Yau in [7J for the study of hypersurfaces with 
constant scalar curvature. Note that, in this context, the scalar curvature of M is nothing 
but en(n — 1)H2, where H2 stands for the second mean curvature and e = ±1 depends on the 
causal character of the normal vector (see next section for details). 

From this point of view, and inspired by Garay's extension of Takahashi theorem and 
its subsequent generalizations and extensions ([H], [S]) [ID], [S]) [E], [I], [S], [3])) Alias and 
Giirbiiz initiated in [2] the study of hypersurfaces in Euclidean space satisfying the general 
condition Lj^ip = Ai/j + b, where A G M^""'"^)^^"^-^) is a constant matrix and b G M""'"^ is a 
constant vector. They show that the only hypersurfaces satisfying that condition are open 
pieces of hypersurfaces with zero {k + l)-th mean curvature, or open pieces of a round sphere 
S"(r), or open pieces of a generalized spherical cylinder S'"(r) x R""™, with k + 1 < m < n — 1. 
Following the ideas contained in [1], we have completely extended to the Lorentz-Minkowski 
space the previous classification theorem obtained by Alias and Giirbiiz. In particular, the 
following classification result was given in [141 Theorem 1]. 

Theorem A. ([14j) Let ip : M ^ U^^"^ he an orientable hypersurface immersed into the 
Lorentz-Minkowski space L"'^-'^, and let be the linearized operator of the {k -\- l)th mean 
curvature of M, for some fixed k = 0,1, . . . ,n — 1. Then the immersion satisfies the condition 
Lktp = Atp+b, for some constant matrix A E and some constant vector b G L""^^, 

if and only if it is one of the following hypersurfaces in L"^-'^.- 

1. a hypersurface with zero (k + l)th mean curvature; 

2. an open piece of the totally umbilical hypersurface S"(r) or W^{—r); 

3. an open piece of a generalized cylinder S'^{r) x W^~"^ , EI™'(— r) x M"""^, with k + 1 < 
m < n — 1, or x S"~™'(r), with k + l<n — m<n — 1. 

In [5] , and as a natural continuation of the study started in [J| , Alias and Kashani consider 
the study of hypersurfaces M" immersed either into the sphere §"+^ C M"+^ or into the 
hyperbolic space EI"'"'"^ C R""*"^ whose position vector x satisfies the condition L^x = Ax + b, 
for some constant matrix A G r("+2)x{"+2) g^j-^^j some constant vector b G R^+^, q = 0,1. They 
show the following two results: 

Theorem B. ([5]) The immersion x satisfies the condition L^x = Ax, for some self-adjoint 
constant matrix A G R("+2)x{n+2)^ if and only if it is one of the following hypersurfaces: (1) a 
hypersurface having zero (k-l-l)-th mean curvature and constant k-th mean curvature; (2) an 
open piece of a standard Riemannian product S™(\/1 — r'^) x S"-™(r) C S"+S < r < 1; (3) 
an open piece of a standard Riemannian product EI™'(— Vl + r^) x S"^'^(r) C EI"^-'^, r > 0. 
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Theorem C. ([5j) The immersion x satisfies the condition L^x = Ax + b, for some self- 
adjoint constant matrix A E M("+2)^("+2) and some non-zero constant vector b E M"'"'"^, if and 
only if it is one of the following hyper surf aces: (1) an open piece of a totally umbilical round 
sphere S"(r) C S""*"^; (2) an open piece of a totally umbilical hyperbolic space E["(— r) C H"^"*^, 
r > 1; (3) an open piece of a totally umbilical round sphere S"(r) C H""'"^, r > 0; (4) an open 
piece of a totally umbilical Euclidean space C EI"^"'^ . 

The hypersurfaces studied in Theorems B and C are Riemannian, and thus their shape 
operators are always diagonahzable. However, when the ambient space is a Lorentzian space 
form S"^^ or H"^^, the shape operator of the hypersurface needs not be diagonahzable, 
condition which plays a chief role in the Riemannian case. In this paper we extend, to the 
indefinite case, the results obtained in [S] for hypersurfaces immersed either into the sphere or 
into the hyperbolic space. For the sake of simplifying the notation and unifying the statements 
of our main results, let us denote by M""*"-^ either the De Sitter space S"^^ C M"^^ if c = 1, 
or the anti De Sitter space H"^^ C Mg"^^ if c = — 1. In this paper, we are able to give the 
following classification result. 

Theorem 1 Let tp : M ^ M"^"^ C Mg"*'^ be an orientable hypersurface immersed into the 
space form MJ^^^, and let be the linearized operator of the {k + l)-th mean curvature of M, 
for some fixed k = 0,1, . . . ,n — 1. Then the immersion satisfies the condition Lkip = Aip, for 
some self-adjoint constant matrix A E m("'+2)><("+2)^ if and only if it is one of the following 
hypersurfaces: 

(1) a hypersurface having zero {k-\-l)-th mean curvature and constant k-th mean curvature; 

(2) an open piece of a standard pseudo-Riemannian product inS^'^^ : S™(r) xS"~™'(\/l — r"^), 
M™(-r) X §"-"^(\/rTr2), ]H™(-\/^^2T:T) x §"-™(r). 

(3) an open piece of a standard pseudo-Riemannian product in H"^^ ; H™(— r) xS"^™(\/r2 — 1), 
]H™(-Vl + r2) X Si""(r), (\/r2 - 1) x M"-"'{-r), IH™(-Vl - r^) x EI"-™(-r). 

(4) an open piece of a quadratic hypersurface {x E M"+^ C Rq"*"^ | l^Rx,x) = d}, where R 
is a self-adjoint constant matrix whose minimal polynomial is t^ + at + b, — 46 < 0. 

Finally, in the case where A is self-adjoint and 6 is a non-zero constant vector, we are able 
to prove the following classification result. 

Theorem 2 Let -0 : M — t- M"^"^ C R^^^ 5g an orientable hypersurface immersed into the 
space form M"^"*^, and let L^ be the linearized operator of the {k + l)-th mean curvature of M, 
for some fixed k = 0,1, . . . ,n — 1. Assume that H/. is constant. Then the immersion satisfies 
the condition L^il^ = A^lJ-\-b, for some self-adjoint constant matrix A E R("'+2)x(n+2) some 
non-zero constant vector b E Rg"*"^^ if and only if: 

(i) c = 1 and it is an open piece of a totally umbilical hypersurface in S"^^ C R"^^; S"'(r), 
r > 1; EI"(-r), r > 0; S'^{r), < r < 1; R". 

(ii) c = — 1 and it is an open piece of a totally umbilical hypersurface in M^^^ C Rg"*"^.' 
Wl{-r), r > 1; H"(-r), < r < 1; S1{r), r > 0; R^ 

2 Preliminaries 

In this section we recall some formulas and notions about hypersurfaces in Lorentzian space 
forms that will be used later on. Let R^^^ \)q i]^q (ji _|_ 2)-dimensional pseudo-Euclidean space 
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of index q > 1, whose metric tensor (, ) is given by 

q n+2 

where x = (xi, . . . ,Xn+2) denotes the usual rectangular coordinates in R"+^. The pseudo- 
Euclidean De Sitter space of index q and radius r is defined by 

S^+Hr) = {xe I {x,x) = r^}, 

and the pseudo-Euclidean anti-De Sitter space of index q and radius —r is defined by 

Throughout this paper, we will consider both the case of hypersurfaces immersed into Lorentzian 
De Sitter space S^+^ = §"+^1), and the case of hypersurfaces immersed into Lorentzian anti 
De Sitter space EI^~'~^ = H"~'~^(— 1). In order to simplify our notation and computations, we 
will denote by M^+'^ the De Sitter space S"+^ or the anti De Sitter space H" according to 
c=lorc = — 1, respectively. We will use Mg+^ to denote the corresponding pseudo-Euclidean 
space where M""*"-*^ lives, so that g = 1 if c = 1 and g = 2 if c = — 1. Then its metric is given 

by 

(, ) = —dxi + cdx\ + dx\ -|- • • • -|- dx\_^2i 

and we can write 

M^+i = {xe I _xl + cxl + xl + ---+ = c}. 

It is weU known that S^^^ C Mi+^ and 11^+^ C 1^2+^ are Lorentzian totally umbihcal hyper- 
surfaces with constant sectional curvature and —1, respectively. 

Let if) : M — > M""*"^ C M^^^ be a connected orientable hypersurface with Gauss map N, 
{N,N) = £ = ±1. Let V°, V and V denote the Levi-Civita connections on W^+^ and 

M, respectively. Then the Gauss and Weingarten formulas are given by 

V%Y = VxY + e{SX,Y)N-c{X,Y)^, (1) 

and 

SX = ~VxN = -V^AT, 

for all tangent vector fields X,Y £ X(M), where S : X{M) — > X{M) stands for the shape 
operator (or Weingarten endomorphism) of M, with respect to the chosen orientation A'^. 

Let B = {Ei,E2, . . . , -Bn+i} be a (local) frame in M"+^. Without loss of generality, we will 
say that B is an orthornormal frame when 

{El, El) = -1 and {Ei,Ej) = 0, j = 2, . . . , n + 1, 
{Ei,Ej) =6ij, 2<i,j<n + l; 

and we will say that ;S is a pseudo-orthornormal frame, when the following conditions are 
ScLtisfi-Gci ' 

{Ei,E2) = -1 and {Ei,Ei) = (^2,^2) = 0, 
{Ei,Ej)=0, i = l,2, j = 3,...,n + l, 
{Ei,Ej)=Sij, 3<i,j<n + l. 
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It is well-known (see, for instance, [171 pp. 261-262]) that the shape operator S of the 
hypersurface M can be expressed, in an appropriate frame, in one of the following types: 
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(2) 



In cases I and II, S is represented with respect to an orthonormal frame, whereas in cases III 
and IV, the frame is pseudo-orthonormal. 

The characteristic polynomial Qs{t) of the shape operator S is given by 

n 

Qs{t) = det(t/ - 5) = ^ flfci""^, with oq = 1. 

fc=0 

Making use of the Leverrier-Faddeev method (see [131 E])) the coefficients of Qs{t) can be 
computed, in terms of the traces of , as follows: 



1 

-— afc_jtr(S'-'), k = l,...,n, with oq = 1. 



(3) 



Bearing in mind the type of shape operator 5*, we can see that the coefficients of Qs{t) for S 
of types I, III and IV, are given by 



ai 



1=1 

n 

(—1) ■ ■ ■ , k = 2, . . . ,n, 



(4) 



il<---<ik 

whereas if S is of type II then they are given by 



i=l 



ak 



ii<---<ik 



il<- ■ ■<ik-2 
7^ 1, 2 



, — 2, . . . , 71. 



(5) 
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If S is of type II or III, then we consider that ki = K2 = k, and if S is of type IV we consider 
that Ki = K2 = = K. From now on, we wiU write 



Kjj • • • Kjj, 



and 



n<---<jfc 



il<- ■ ■ <ik 



in cases I, III, IV; 
in case II. 



Uk = (-l)X, 
a, = (-l)'=(M,+62;.i.2^), 

We use here that fJ^^ = 1 and fi^ = if k < 0. 

The k-th mean curvature or mean curvature of order of M is defined by 



n 



Hi. 



-efok, 



where 



n 



kj kl{n-k)l 



In particular, when k = 1, 



nHi = —eai = etr(S'), 



(6) 



where G {1, . . . , n} and J C {1, . . . , n}. Observe that 

IJ-l = fJ'k and /i^ = + /i™, 

where //^ stands for z^^™^. 

Then the coefficients Ofc of characteristic polynomial Qs{t), given in equations ([H and ([5]), 
can be easily written as follows 



(7) 
(8) 



(9) 



and so Hi is nothing but the usual mean curvature H of M, which is one of the most important 
extrinsic curvatures of the hypersurface. The hypersurface M is said to be fe-maximal in M""*"^ 
if Hk+i = 0. On the other hand, H2 defines a geometric quantity which is related to the 
(intrinsic) scalar curvature of M. Indeed, it follows from the Gauss equation of M that its 
Ricci curvature is given by 

Ric{X,Y) = {n-l)c{X,Y) + nHi{SX,Y) -e{SX,SY) , X,YgX{M), (10) 

and then, from Q, the scalar curvature Scal=tr(Ric) of M is 

Seal = n(n - l)c + ef - aitr(5) - tr(S^)) = n(n - l)(c + eH2). (11) 



3 The Newton transformations 



The k-th Newton transformation of M is the operator P^. : X{M) — > X{M) defined by 



3=0 
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Equivalently, Pk can be defined inductively by 

Po = I and Pk = aki + S o Pk_i. (12) 

Note that by Cayley-Hamilton theorem we have Pn = 0. The Newton transformations were 
introduced by Reilly [18] in the Riemannian context; its definition was P^ = {—l)^Pk- We 
have the following properties of Pk (the proof is algebraic and straightforward). 

Lemma 3 Let il) : M" — t- M"^^ he a hypersurface in the Lorentzian space form M"^-'^. The 
Newton transformations Pk satisfy: 

(a) Pk is self-adjoint and commutes with S. 

(h) ii{Pk) = {n- k)ak = CkHk- 

(c) ix{S o Pk) = -{k + l)ak+i = eckHk+i, 1 <k <n-l. 

(d) tr(5^ o Pk) = aiak+i - {k + 2)ak+2 = Ck{nHiHk+i - {n - k - l)Hk+2), 1 < k <n - 2. 
Here, the constants Ck and Ck are given by 

Ck = i-e)Hn-k)(^^={-e)Hk + l)(^j^l^^ and Ck = 

Next we are going to describe the covariant derivative of the shape operator S and the kth 
Newton transformation Pk- To do that, we will work with a (local) tangent frame of vector 
fields {El, E2 ■ ■ ■ , En} in which S adopts its canonical form, and we need to distinguish four 
cases, according to the canonical form of the shape operator, see equation 1^. 

Let (wj) be the connection 1-forms, defined by wl{X) = {V xEi, Ej) , so that wj = —w'j. 
The following four propositions are technical results that we will use later on. Their proofs 
are straightforward. 

Proposition 4 (5 is of type I) 

Suppose that the shape operator S is of type I, and let {Ei, E2 ■ ■ ■ , En} be an orthonormal 
frame such that SEi = KiEi, i = 1, . . . ,n. Then we have: 

{VxS)Ei = X{Ki)Ei + Y,^3 ('^i - 

PkEi = i-l)^fiiE,, 
for every i = 1, . . . ,n, where Ei = {Ei, Ei) . 

Proposition 5 {S is of type II) 

Suppose that the shape operator S is of type II, and let {Ei,E2 ■ ■ ■ ,En} be an orthonormal 
frame such that SEi = kEi + bE2, SE2 = —bEi + KE2, and SEi = KiEi, i > 3. Then the 
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covariant derivative VS is given by 

n 

iVxS)Ei = {X{k) + 2bcoj{X)) El + X{b)E2 + 'tj) + ^w^(^)) Ej, 

3=3 

n 

iVxS)E2 = -X{b)Ei + {X{k) + 2bojl{X)) £^2 + ^ ((« - Hj)oji{X) + bu{{X)') Ej, 
{VxS)Ei = {kco}{X) + bojfiX) - KiCo}{X)) Ei + {bu;HX) - KUjf{X) + KiCof{X)) E2 

n 

The Newton transformation satisfies 

PkEl = {-lf{^ilEl + b^i];\E2), 
PkE2 = {-l)\-b^^l'^^El+,,lE2), 
PkEi = + b''fil'^^')Ei, i > 3. 

Proposition 6 (5 is of type III) 

Assume that the shape operator S is of type III, and let {Ei, E2, ■ ■ ■ , En} be a pseudo-orthonormal 
frame such that SEi = kEi + E2, SE2 = KE2, and SEi = KiEi, i > 3. Then the covariant 
derivative VS satisfies 

n 

{VxS)Ei = X{K)Ei + 2ujI{X)E2 + XI (('^ " '^j'> '^i(^) + ^ii^)) ^J' 

n 

{VxS)E2 = X{k)E2 + ^(k - Kj) c4{X)Ej, 

i=3 

{VxS)Ei = {Ku;f{X) - Kio4{X))Ei + {ujI{X) + ku^I{X) - KiUjl{X))E2 

n 

+ X{Ki)Ei + X (Kj - Kj) ujj {X)Ej , i>3. 

The Newton transformation Pk is given by 

PkEi = i-l)^{f,lEi-i,l^^^E2), 

PkE2 = (-1)V'^2, 

PkEi = (-l)Vi^i, i > 3- 

Proposition 7 (S is of type IV) 

Suppose that the shape operator S is of type IV, and let {Ei,E2, ... , En} be a pseudo-orthonormal 
tangent frame such that SEi = kEi — E^, SE2 = KE2, SE^ = E2 + kE^, and SEi = KiEi, 
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i > 4. Then the covariant derivative VS* satisfies 

n 

{VxS)Ei = {X{k)+ujI{X)) El + 2ojI{X)E2 - Loj{X)E^ + ^ (^(^ _ oj{{X) - ^(X)) E^, 

j=4 

n 

{VxS)E2 = - LoliX)) E2 + Y,i^ - ^j)^iiX)E,, 

j=4 

n 

{VxS)E3 = -ujf{X)E2 + [X{k) + 2uI{X)] ^3 + ^ {{^ - ^j) uj^X) + 4{X)^ Ej, 
{VxS)E, = (kuHX) - K,uUX)) El + {ku:}{X) - uf{X) - k,co}{X}) E2 

n 

+ {K,iof{X)-KLof{X)-ujUx))E^ + X{K,)Ei+ Yl {^^-^J)^^{X)EJ, i>4. 

The Newton transformation is given by 

PuEi = {-ifii^lEi - f,l''fE2 + fil'^^Es), 
PkE2 = (-1)V'^2, 

Pfci?3 = (-l)'(-/^^L'i^2+/i^i?3), 

PkEi = (-l)Vi^^, i > 4. 

In the following lemma we present two new properties of the Newton transformations. For 
any differentiable fmiction / G C°°{M), the gradient of / is the vector field V/ metrically 
equivalent to df, which is characterized by (V/, X) = X{f), for every differentiable vector 
field X G X(Af). The divergence of a vector field X is the differentiable function defined as 
the trace of operator VX, where 'VX(Y) := VyX, that is, 

div(X) = tr(VX) =J29'' i^E,X,E,) , 

{Ei} being any local frame of tangent vectors fields, where (5*-') represents the inverse of the 
metric (gij) = {{Ei,Ej)). Analogously, the divergence of a operator T : X{M) — > X{M) is 
the vector field div(r) G X(M) defined as the trace of VT, that is, 

div(r) = tr(Vr) = Y^g'\VEj)Ej, 
where VT{Ei,Ej) = {VEj)Ej. 

Lemma 8 The Newton transformation Pk, for A; = 0, . . . , n — 1, satisfies: 
(a) tr{VxSoPk) = -X{ak+i) = - {Vak+i,X) = eCu {VHk+i,X). 
(h) div(Pfc) = 0. 

The proof can be found in |14| . 

Bearing in mind this lemma we obtain 

div(Pfc(V/)) =tr(PfeoV2/), 
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where V^/ : X(M) — > X{M) denotes the self-adjoint hnear operator metrically equivalent to 
the Hessian of /, given by 

(V^fiX), Y) = (Vx(V/), Y), X,Ye X{M). 

Associated to each Newton transformation P^, we can define the second-order linear differential 
operator Lfe : C°°(M) — > C'^{M) given by 

= tr(PfcoVV). (13) 

When /c = 0, Lq = A is nothing but the Laplacian operator; when k = 1, Li is the operator 
□ introduced by Chen and Yau, [7]. 

An interesting property of L^, is the following. For every couple of differentiable functions 
f,ge C°°{M) we have 

Lkifg) = div(Pfc o V{fg)) = div(P,, o {gVf + fVg)) 

= gLkif) + fLkig) + 2 {Pk{Vf),Vg) . (14) 



4 Examples 

The goal of this section is to show some examples of hypersurfaces in the Lorentzian space 
form M"+-'^ satisfying the condition L/^ip = Aip + b, where ^ is a constant matrix and 6 is a 
constant vector. Before that, we are going to compute acting on the coordinate components 
of the immersion ip, that is, a function given by {a,ip), where a £ is an arbitrary fixed 

vector. 

A direct computation shows that 

V {a,iP) = = a - e {a, N) N - c {a, tp) ip, (15) 

where G X(M) denotes the tangential component of a. Taking covariant derivative in (|15|) . 
and using that Vj^a = 0, jointly with the Gauss and Weingarten formulae, we obtain 

VxV (a, V) = Vxa^ = e {a, N)SX -c {a, V^) X, (16) 

for every vector field X G X(M). Finally, by using (|13p and Lemma [3l we find that 

Lfe (a, V-) = e (a, N) tr(Pfc o S) - c {a, V^) tr(Pfc o /) 

= CkHk+i {a, N) - cckHk {a, ip) . (17) 

Then we can compute L^tp as follows, 

Lk'ip = (^Lk{5i (V',ei)), . . . ,Lfc((5„+2 (V',e„+2))) 

= CkHk+i{5i (ei,iV) , . . . ,5„+2 (en+2,iV) ) - cckHk(^5i (ei, V') , • • • ,5n+2 (en+2,^) ) 
= CkHk+iN - cckHki>, (18) 

where {ei, . . . , 6^+2} stands for the standard orthonormal basis in M^"*"^ and Si = (e^, eP). 
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Example 1 An easy consequence of (jlSp is that every hypersurface with -fffc+i = and 
constant k-th mean curvature Hf^ trivially satisfies Lf^ip = Aip + 6, with A = —cckHkIn+2 £ 

j^(n+2)x(n+2) ^ ^ g. 

Example 2 (Totally umbilical hypersurfaces in M""*"^) As is well known, totally umbilical 
hypersurfaces in M""''^ are obtained as the intersection of M""*"^ with a hyperplane of M^^^^ 
and the causal character of the hyperplane determines the type of the hypersurface. More 
precisely, let a G M^"'"^ be a non-zero constant vector with (a, a) G {1,0,-1}, and take the 
differentiable function fa '■ M"^^ — t- R defined by /a(a;) = (a, x). It is not difficult to see that 
for every r G R with (a, a) — ct'^ / 0, the set 

Mr = f~HT) = {xGM^+^\ {a,x)=T} 

is a totally umbilical hypersurface in M"^-'^, with Gauss map 

N{x) = — ■j^^^=^^^= {a — CTx), 
Vl {a, a) - cr2| 

and shape operator 

SX = -V^^iV = =X. (19) 

vl {a, a) - cr2| 

Now, by using ([9]) and ([7]), we obtain that the k-th. mean curvature is given by 

where e = {N,N) = ±1. Therefore, by equation (jlSp . we see that Mj- satisfies the condition 
Lkip = Alp + 6, for every k = 0, . . . ,n — 1, with 

^_ Cfc(£CT)fe(gT^ + c|(a,a)-CT^|) ^ Cfc(£cr)^+i 

|(a,a)-cr2|(^+2)/2 '"+2 " |(«^ _ cr2|{fc+2)/2 «• 

In particular, 6 = only when r = 0, and then Mq is a totally geodesic hypersurface in M^"*"^. 
It is easy to see, from p^ . that M,- has constant curvature 

E' = c + 



{a, a) — ct"^ ' 

and it is a Riemannian or Lorentzian hypersurface according to (a, a) — ct"^ is negative or 
positive, respectively. 

Now we will see the different possibilities. 

• Case c = 1. Then Mr C M^+'^ = §5^+^ C R"+^ and we have: 

i) If (a, a) = —1, then K = 1/(t2 + 1), e = —1, and is isometric to a round sphere of 
radius Vr2 + 1, = §"(Vr2 + 1). 

ii) If (a, a) = 0, then r / 0, i^T = 0, e = —1, and is isometric to the Euclidean space, 

Mr = R". 
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iii) If {a, a) = 1, then either |r| > 1, K = — l/(r^ — 1), e = —1, and Mj- is isometric to the 
hyperbohc space of radius — a/t^ — 1, Mr = ]!"'(— a/t^ — 1), or |r| < 1, IT = 1/(1 — r^), 
£ = 1, and Mt- is isometric to a De Sitter space of radius Vl — t^, M,- = S"(\/l — r^). 



• Case c = -1. Then C MJ?+i = 11^+^ C Ms"*"^ and we have: 



i) If (a, a) = —1, then either |t| > 1, K = 1/(t^ — 1), e = 1, and is isometric to a De 
Sitter space of radius \/r2 - 1, = §^(^7-2 - 1), or |t | < 1, K = -1/{1- t^), e = -1, 
and Mr is isometric to a hyperboUc space of radius — Vl — r^, M,- = IH"(\/l — t^)- 

ii) If (a, a) = 0, then t ^ K = {), e = 1, and M,- is isometric to the Lorentz-Minkowski 
space, Mr = Wl. 

iii) If {a, a) = 1, then K = —\/{t'^ + 1), e = 1, and Mr is isometric to the Lorentzian 
hyperbohc space, Mr = ]HI"(— a/t^ + 1). 



Example 3 (Standard pseudo-Riemannian products in 1^"+-*^) Let / : M"+-'^ — > M be the 
differentiable function defined by 



f{x) = CX2 + (5l - + Xg + . . . + X„+i j + ^2 \Xjn+2 + ■■■+ Xn+2 ) , 

where m G {1,... ,n} and 81,82 G {0,1} with 5i + 82 = 1. In short, /(x) = {Dx,x), where 
D is the matrix D = diag[5i, 1, (5i . . . , 5i, (52, . . . , 52]. Then, for every r > and p = ±1 
with — cp ^ 0, the level set M" = f'^{pr'^) is a hyper surf ace in M"^"*^, provided that 
(5i, 52, c) 0{(0, 1,-1,1), (1,0, 1,-1)}. 

The Gauss map is given by 

N{x) = = ^ {Dx - pcr\), (21) 



and the shape operator is 

'{8x - pcr'^)I„ 



S 



r^l \p — cr'^\ 



{82 - pcr^)I, 



In other words, M" has two principal curvatures 



pcr"^ — 81 pcr'^ — 82 

Ki = : and K2 



r\J\p — cr'^\ ry^lp — cr^l 



with multiplicities m and n — m, respectively. In particular, every mean curvature is 
constant. Therefore, by using (fT8]l and ([2T]) . we get that 



LfcV = CkHk+lN oil,- CCkHklp = (^Xl{jl,9'lp2, A'f/'S, • • • , Xipm, Pll^m+1, . . . , P1pn+2 

where 

cckHk+i{8i - pcr"^) ^ „ cck H k+i{l - pcr'^) ^ 
A = ccktlk, o = cck-tik, 
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and 

cckHk+i{62 - pcr^) „ 
II = cckHk. 

r\/\p — cr'^\ 

That is, satisfies the condition L^ip = Aip+b, with 6 = and A = diag[A, 6, X, . . . X, p, . . . , fj]. 
The following two tables show the different hypersurfaces in MJ?"^^. 



Case c = 1: Standard products in S"^^ 


Si 




p 


Hyper surf ace 


5 


1 





1 


Sf{r) X S"-™(Vl -r2) 






n f 




1 





-1 


e™(-r) X S"-™(Vl + r2) 












1 


1 


M™(-Vr2 - 1) X S"-™(r) 




r n 

n '^^"^ / 





Case c = — 1: Standard products in H"^^ 


^1 


S2 


p 


Hyper surf ace 


S 


1 





-1 


Wp{-r) X S"-™(Vr2 - 1) 










1 


1 


]H™(-Vl + r2) X S^-'"(r) 




T n 1 

n Vl+r^ T 







1 


-1 


gm(^r2 _ 1) X M"-'"(-r) 
EI™(-Vl - r2) X EI"-'"(-r) 




[ ''" T 

L V|r-2-l| 





Example 4 (A quadratic hypersurface with non-diagonalizable shape operator) The hyper- 
surfaces shown in Examples [5] and [3] have diagonalizable shape operators. However, since we 
are working in a Lorentzian space form, it seems natural thinking of hypersurfaces with non- 
diagonalizable shape operator satisfying L^^/^ = Aip + b. Let i? be a self-adjoint endomorphism 
of M^+^ that is, {Rx,y) = {x,Ry), for ah x,y e Let / : M;?+^ ^ R be a quadratic 

function defined by f{x) = {Rx, x), and assume that the minimal polynomial of R is given by 
P-Rit) = + at + 6, a, 6 G M, with - 46 < 0. Then, by computing the gradient in M"+^ at 
each point x S M"+-^, we have Vf{x) = 2Rx — 2cf{x)x. 

Let us consider the level set M = f^^{d), for a real constant d. Then, at a point x in M, 
we have 

{Vf{x),Vf{x)) = A{R^x,x)-4cf{xf = -AcpR{cd), 

where we have used that R^x = —aRx — bx. Then, for every d E R with pR{cd) 7^ 0, 
M = f~^{d) is a Lorentzian hypersurface in M""*"^. The Gauss map at a point x is given by 

N{x) = / {Rx - cdx), (22) 
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and thus the shape operator is given by 

= - | /,,|i/2 (-^^ - ''dX), (23) 
\fJ'R{cd)\'-'^ 

for every tangent vector field X. From here, and bearing in mind that + aR + 6/ = 0, we 
obtain that 

-5^^ = -1 r-Ki ((« + 2cd)i?X + {b- (f)X) , 

for every tangent vector field X. At this point, it is very easy to deduce that 

2 + 2c(i b + + acd 

= ' ~Mcd)\y^'^ \Mcd)\ 

is the minimal polynomial of 5, and that every k-th mean curvature is constant. On the other 
hand, since the discriminant of fJ,sit) is not positive, the shape operator is non-diagonalizable. 



Finally, from (jlSp . we obtain that L^ip = Atp, where A is the matrix given by 
. CkHk+i f CkHk-i-icd tt\ T 



5 First results 



In this section we need to compute L^N , and to do that we are going to compute the operator 
Lfc acting on the coordinate functions of the Gauss map N , that is, the functions (a, N) where 
a S Mg+^ is an arbitrary fixed vector. A straightforward computation yields 

V(a,iV) = -Sa^ . 

Prom Weingarten formula and (jl6p . we find that 

VxV (a, N) = -VxiSa") = -{yxS)a' - S{Vxa^) 

= -(V„t5)X - e {a, N) S^X + c (a, ip) SX, 

for every tangent vector field X. This equation, jointly with Lemma [3] and (|13p . yields 

Lk {a, N) = -tr(Pfc o V,tS) - e (a, N) tr(Pfc o S^) + c (a, ijj) tr(Pfc o S) 

= -eCk (vHk+i, a") - eCkinH^Hk+i - {n - k - l)Hk+2) {a, N) 

+ ecckHk+i{a,i^) ■ (24) 

In other words, 

LkN = -eCkVHk+i - eCk(nHiHk+i - {n - k - l)Hk+^N + ecckHk+ii^. (25) 
On the other hand, equations (fH|) and pT|) lead to 

Lk{Lk (a, V)) = CkHk+iLk (a, N) + Lk{ckHk+i) (a, iV) + 2ck{Pk{VHk+i),V {a, N) > 
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and by using again (fT7|l and (p^ we get that 

Lk{Lk {a,ip)) = -£CkCkHk+i{VHk+i,a) - 2ck{{S o Pk)(yHk+i),a) - 2cck{Pk{^ Hk),a) 

- [eCkHk+i{nHiHk+i - {n - k - l)Hk+2) + cckHkHk+i - Lk{Hk+i)]ck{a, N) 
+ [eccfcF|+i + Cfci?| - cLk{Hk)]ck {a, ip) . 

Therefore, we get 

Lfc(LfcV) = -eckCkHk+iVHk+i - 2ck{S o Pk){VHk+i) - 2cckPk{VHk) 

- [sCkHk+i{nHiHk+i - {n-k- l)Ffc+2) + cckHkHk+i - Lk{Hk+i)]ckN 
+ [eccfcF|+i + Cfci^l - cLk{Hk)] Cki^. (26) 

Let us assume that, for a fixed A; = 0, 1, . . . , n — 1, the immersion ip : — > M""''^ satisfies 
the condition 

LfcV = AiP + b, (27) 

for a constant matrix A G m("+2)x{"+2) g^j-^^j ^ constant vector b G M^"^^. Then we have 
Lk[Lkip) = ALkip, that, jointly with (|26p and ()18p . yields 

i/fc+i^iV - cHkAi; = -eCkHk+iVHk+i - 2{S o Pk)(VHk+i) - 2cPk(VHk) 

- [eCkHk+i{nHiHk+i - {n - k - l)i?fc+2) + cckHkHk+i - Lk{Hk+i)]N 
+ [ecckHl^^ + CkHl - cLk{Hk)] i^. (28) 

On the other hand, from (|27p . and using again (jlSp . we have 

= CkHk+iN - cckHki^ -b~^ - e{b,N)N -c {b, ^) -0 

= -6^ + [cfc/7fc+i -e{b,N)]N- [cckHk + c (6, V) ] V', (29) 

where b~^ G X(M) denotes the tangential component of b. Finally, from here and ()28p . we get 

Hk+iAN = -eCkHk+iVHk+i - 2{S o Pk){VHk+i) - 2cPk{VHk) - cHkb'^ 

- [eCkHk+i{nHiHk+i - {n - k - l)Hk+2) + ecHk {b, N) - Lk{Hk+i)]N 

+ [ecckHi^^ - Hk {b, V^) - cLkiHk)] ^. (30) 

5.1 The case where A is self-adjoint 

If we take covariant derivative in ()27p . and use equation (jlSp as well as Weingarten formula, 
we have 

AX = -CkHk+iSX - cckHkX + Ck {VHk+i,X) N - cck {VHk, X) ^, (31) 
for every tangent vector field X, and therefore 

{AX,Y) = {X,AY), 

for every tangent vector fields X, y G X{M). Therefore, A is self-adjoint if and only if the 
following conditions hold 

(^X,V) = (X,A^), (32) 
{AX, N) = {X, AN) , (33) 
{AN,^) = {N,Ai;), (34) 
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for every vector field X G X(M). From ([3T]) and (f29|) . we easily see that ([32]) is equivalent to 

V(6,V^) = 6"^ = CfcVFfc, (35) 
and so (6, V') — CkHk is constant on M. A direct consequence is that 

CkLkiHk) = Lk {b, ip) = [ckHk+i (6, N) - cckHk (6, Tp) ] , (36) 
that, jointly with ^ and ([28]), yields 



-fffc+i {AN, tP) = eckHl^^ + cckHl - Lk{Hk) + cHk {AiP, i^) 

= eckHl^^ + cckHl - [Hk+i {b, N) - cHk {b, ^)]+cHk[- CkHk - {b, V) ] 
= eckHl^^ - Hk+i {b, N) 
= Hk+i {N,Ai,). 

Therefore, at points where Hk+i / 0, equation ([32]) implies equation pl|) . Even more, if 
Hk+i / then from (f3T]) . ([30|) and ([35]) . it is easy to see that equation (p3|) is equivalent to 

-^(5oPfc)(VFfc+i)+e(A: + 2)C,,V/7fe+i = --^(2Pfc(V/ffc) + Cfci/fcVi/fc). (37) 

The following auxiliar result is the key point in the proof of the main theorems. 



Lemma 9 Let tp : M — > M"^'-'^ C M^^^ be an orientable hypersurface satisfying the con- 
dition Lk'p = A'p + b, for a fixed k = 0, l,...,n — 1, some self-adjoint constant matrix 
A G M("+2)^("+2) and some constant vector b G Mg+^. Then Hk is constant if and only if 
Hk+i is constant. 



Proof. Let us assume that Hk is constant, and consider the open set 

Uk+i = {peM\VHl^,{p)^0}. 
Our goal is to show that Uk+i is empty. liUk+i is not empty then, from ([37|) . we have that 

{S o Pk){VHk+i) = - ^^^ ^^^^^ Hk+iVHk+i onUk+i. (38) 

Then reasoning exactly as Lucas and Ramirez in [141 Lemma 9] (starting from equation (26) 
in [Hj) we conclude that Hk+i is locally constant on Uk+i, which is not possible. The proof 
in [H] also works here word by word, with the only difference that here Hk is constant, and 
then (f3T]l reduces now to 

AX = -CkHk+iSX - cckHkX + ck {VHk+i,X) N. 

Therefore, now we have AEi = —Ck{Hk+iKi + cHk)Ei, for m + 1 < i < n (see the last part of 
the proof of |14t Lemma 9]). Since Hk is constant, that makes no difference to the reasoning. 

Conversely, let us assume that Hk+i is constant, and suppose that the open set 

Vk = {peM\ VHlip) + 0} 
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is non-empty. First, let us consider the case where H^+i = 0. Then, from ()35p and ()36p . 
equation ([30]) reduces to 

-2cPk{VHk) - cckHkVHk - ecHk {b, N) N = 0, 

and so {b,N) = on Vfc. Prom ([29]), we have {AN,ip) = {N,A'tp) = and {AN,X) = 
{N, AX) = 0, and then AN = XN, i.e., is an eigenvector of A with corresponding eigenvalue 
A = e {AN,N). In particular, A is locally constant on V^. Therefore, 

AX = -cckHkX - cck {VHk, X) V', 
AN = XN, 

Alp = -b^ - {cckHk + c {b, = -CkVHk - {2cckHk + a)ip, 

where a = c{b,^) — cckHk is also locally constant on Vfc. Then since tr(A) = —ncckHk + A — 
2cckHk — a is constant, this implies that Hk is locally constant on V^, which is a contradiction. 

Let us consider now that Hk+i is a non-zero constant. Then, from p7p . we get 

Pk{y Hk) + DkHkV Hk = ^ onVfc, (39) 

where Dk = Ck/2. From now on, we will follow a similar reasoning to that given in [U Lemma 
9]. The proof continues according to the type of the shape operator S. 

Case 1: S is of type I. Consider {Ei,E2, ■ ■ ■ ,En} a local orthonormal frame of principal 
directions of S (see Proposition H]) . The vector field VHk can be written as 

n 

^Hk = ^ £i (Viffc, Ei) Ei, Ei = {Ei,Ei) , 

i=l 

and thus we get 

n 

PkiVHk) = Y,^i {'^Hk,Ei) ((-1)V:)^*. 

i=l 

Then equation is equivalent to 

{VHk, E,) {okHk + (-l)Vi) = on Vfc, 
for every i G {1, . . . , n}. Therefore, for each i such that {VHk,Ei) / on Vfc, we have 

(-i)V: = -^fc^fc- (40) 

We claim that {VHk,Ei) = for some i. Otherwise, ()40p holds for every i, which implies 

n n 

iv{Pk) = 5^e. {PkEi,E,) = = -nDkHk. 

i=l i=i 

But then, from Lemma O we obtain that Hk = on Vfe, which is not possible. 
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Now re-arranging the local orthonormal frame if necessary (or even taking another orthonor- 
mal frame of principal directions), we may assume that there exists some m £ {1, . . . ,n — 1} 
such that 

{VHk, Ei) / for i = 1, . . . , m, and ki < ■ ■ ■ < Km- (41) 
{VHk, Ei) = for i = m + 1, . . . , n. 



Claim 1 For every subset J C {1, . . . , m} we have 

^ i^_if+iD,Hk. (42) 

We will prove (j42p by induction on the cardinality card (J) of the set J. For card (J) = 1, 
equation ()12]) is nothing but (00]). Let us assume that ()12]) holds for every set J with card (J) = 
1, 2, . . . ,p < m, and take a set Jq = {ji, . . . ,ip+i} ^ {1, . . . , m} with cardinality p + 1 < m. 
Let Jl and J2 be the two sets of cardinality p such that 

-^0 = {ji,i3, • • • ,Jp+l} U{j2} = {j2,j3,---,Jp+l}u{ji}. 

^ V ' V ' 

J2 Jl 

By using the induction hypothesis applied to Ji and J2, we have //^^ = //^^ = {—\)^^^DkHk- 
Now, bearing in mind ([6]), from the first equality of last equation we obtain 

and by using (f^T]) we get = 0, and so /i^^ = /i^^ = //^°. That concludes the proof of the 
Claim H 



Finally, from pip and ()4ip we have j4i?j = rnEi, i = m + 1, . . . , n, where ??i = —CkH^+iKi — 
cckHk is a constant eigenvalue of the constant matrix A. On the other hand, from (|42p for 
the set J = { 1 , . . . , m} , we have 

(^n + ccfc-fffc) • • • + cckHk) 



m<ii<---<ik ( Cfci?fe+l) 

In other words, 

(-l)'^+il)fci/fc = i3o + i^ii^fc + • • • + BkH^^, 

for certain constants -Bj. Therefore, i^^ is locally constant on Vk, which is a contradiction. 
This finishes the proof in the Case 1. 

Case 2: S is of type II. Let {Ei,E2, . . . , En} be an orthonormal frame giving the canonical 
form of S (see Proposition [5]). The gradient VHk can be written in this basis as follows 

n 

VHk = - {VHk, El) El + {VHk, E2) E2 + J2 {^Hk,Ei) Ei, 

i=3 
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and then we get 

PkiVHk) = -(-1)'= {VHk, El) (^ix\Ei + h^,]:lE2] 

+ i-l)^ {VHk,E2) (- bf,l'^^Ei+f^lE2] 

n 
i=3 

Now, bearing in mind (|39p . we obtain the following equations on Vk- 

{VHk,Ei) [OkHk + (-l)V') + (VFfc,^2) (-I)'V'l'i = 0' 

{VHk,E2) (OkHk + (-l)V') - {yHk,Ei) = 0, 

{VHk,Ei) [OkHk + (-l)'K + =0' for i = 3, . . . , n. 

Therefore, if {VHk,Ei) / or (VlTfc, £^2) / then we have 

(-l)V,' = -^fc^fc and /i^L'i=0. (43) 

Moreover, for every i = 3, . . . ,n, such that (VH^^ Ei) 7^ 0, we have 

(-l)'=(^;+6VL¥) = -^fc^A^- (44) 

We claim that {VH^^Ei) = for some z. Otherwise, (|43|) holds and (|44p is true for every 
i > 3. Thus, we deduce 



tr(Pfc) = - {PuEuEi) + {PkE2,E2) + ^ {PkE^Ei) 

i=3 

n 

= + (-i)V! + + ^VLY) = -r^D.H,. 

i=3 

But this means, from Lemma [3]f'5j, that = on Vfc, which is a contradiction. 

Observe that when (WH].,Ei) 7^ for some i > 3, then (after re-arranging the local 
orthonormal frame if necessary) we may assume that there exists some m G {3, . . . , n} such 
that 

(SIHk, Ei) 7^ for i = 3, . . . , m, and K3 < • • • < k„i. (45) 
(VHk, Ei) = for i = m + 1, . . . , n. 

Claim 2 If {VHi;, Ei) = {X/Hk, E2) = 0, then for every non-empty subset J C {3, . . . , m} we 
have 

/^f + ^VLY = (-i)'^'^fe^/^' (46) 

where m G {3, . . . , n} is the number such that holds. 



19 



We will show (fl6|) by induction on the cardinality of set J, card( J). If card( J) = 1, then (jl6]) 
is nothing but (jUj) . Let us assume that ([^Gj) holds for subsets J with card (J) = 1,2, . . . ,p < 
m — 2, and take a set Jq = {ji, . . . ,jp+i} ^ {3, . . . , m| with cardinality p + 1 < m — 2. Let 
Jl and J2 be the sets of cardinality p such that 

-^0 = {ji,i3, • • • ,Jp+l} U{j2} = {j2,i3,---,Jp+i}u{ii}. 

^ V ' ^ V ' 

J2 Jl 

By the induction hypothesis applied to Ji and J2 we have 
and then, by using in the first equality, we get 
But Kj^ / (see (05])), and so fif°_^ + b^fJ-l'^" = 0. This yields 
and the proof of the Claim [2] finishes. 



Claim 3 // {VHk,Ei) ^ ^ or {VHk^Ei) / 0, then for every J C {3, , 
J = j we have 

a) = 0> 

where m G {3, . . . , m} is the number such that holds. 



, m} ( admitting 

(47) 
(48) 



[We note here that if there is no number m > 3 such that (05]) holds, then this claim only 
refers to J = 0.] First, we prove (a) by induction on card(J). If card(J) = 0, then (07]) is 
nothing but the second equation of (03]). Let us assume that (07|) holds for subsets J with 
card(J) = 0, 1, . . . ,p < m — 2, and take a set Jq = {ji, . . . , jp+i} c: {3, . . . , m} with cardinality 
p + 1 < m — 2. Let Ji and J2 be the sets of cardinality p such that 

-'o = {ji,--- ,jp} U{jp+i} = {jl, . . . ,jp-i,jp+i]u{jp}. 

^ V ' V ' 

Jl J2 

By the induction hypothesis applied to Ji and J2, we have ^J'l'^l^^ = f^'l'^f^ = 0- Now, by 
using ([6]), we get {kj^^-^ — Kjp)/i^^^"^° = 0, and from (05]) we obtain ^J^j"^'^^^ = 0. That leads to 
„i,2,Jo _ m1.2,Ji = Qj^^ |;i^g proof of (a) finishes. 

' fc— 1 ' K— 1 ' fc— 1 ' ^ ^ ^ 

The proof of (b) is similar and is also made by induction on card(J). If card(J) = 0, since 
l^l ~ l^k'"^ ~^ '^/^fc-i' ^^^^ (08]) follows by using the first equation of (03]) and the claim (a). 
Let us assume that (08]) holds for subsets J with card(J) = 0, < m — 2 and take a 

set Jo = {jl, . . . , jp+i} ^ {3, . . . ,m} with cardinality p + 1 < m — 2. Let Ji be the set of 
cardinality p such that 

-^0 = {jl, • • • , jp} U{jp+i}. 
^ ■■ 
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By the induction hypothesis apphed to Ji, and bearing in mind ()47p . we have A'^'^''^^ = 
Kp^ifi^'^'^-^° + 1^1''^''^° = /^|:'^''^°, and this finishes the proof of Claim [3l 

Observe that if J / 0, then equations (|36]l and (08]) lead to 

Now, we can use ([6]) to get //J^ = /i^'^'"^ + 2ft;/i^^^"^ + ft;^/i^^^"^. Putting this into last equation we 
obtain 2k;U^'^''^ + {k^ + 6^)//^'^''^ = 0, and as a consequence of ClaimEJa) we deduce ^^'^'"^ = 0, 
for every non-empty set J C {3, ... , m}. 

Finally, from ()3ip and ()45p . we have AEi = rjiEi, for i = m + 1, . . . ,n, where ryj = 
—CkHk+iKi — cckHk is a constant eigenvalue of the constant matrix A. As a consequence we 
deduce 

1 ra \ ^ m<ii<---<i,. 

m<n<---<«r ^ 

= B^ + BiHk + --- + BrHl (49) 
for certain constants -Bj. To finish the proof in Case 2, we distinguish two subcases. 

(2.1) If {VHk,Ei) = {VHk,E2) = 0, let V be the plane spanned by {Ei,E2}. Since we 
have 

AEi = -CkiHk+iK + cHk)Ei - CkHk+ihE2, 
AE2 = CkHk+ibEi - Ck{Hk+iK, + cHk)E2, 

then V is an invariant subspace, and thus the operator A\v has constant invariants 6 = tr(A|y) 
and /3 = det(A|y), which are given by 

9 = -2ckiHk+iK + cHk), 

/3 = ci(/7fc+iK + cHk)^ + clHl^,b\ 

Thus, we can find constants 9i, Bi such that 

2K = 9o + eiHk, 
K^ + b'^ = Bo + BiHk + B2HI (50) 
On the other hand, by using ([16|) for J = {3, ... , m}, we get 

(-l)^-+lDfc/7fc = ^3,...,m^^2^1_m 

= /ii'--- + 2K/x^-- + (K2 + 62)^i_m^ 

that, jointly with (gQ]) and ([50]), yields 

{-l)'^+^DkHk = Fo + FiHk + ■■■+ FkHl 
for certain constants Fi. Thus, H}^ is locally constant on Vfc, which is a contradiction. 

(2.2) If (Vi^fc, / or (VFfc, E^a) 7^ 0, then by using (pj) for J = {3 m} for J = 

if there is no number m > 3 such that (I45p holds) we obtain that 

that jointly with ()49p implies again that if^ is locally constant on Vk, which is a contradiction. 
That concludes the proof in the Case 2. 
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Case 3: S is of type III. Let {Ei, E2, ■ ■ ■ , En} be a pseudo-orthonormal frame giving the 
canonical form of S (see Proposition [6]). The gradient Vif^ can be written, in this b asis , as 
follows 

n 

VHk = - {VHu,E2) El - {VHk, E{) E2 + Y, {^Hk,Ei) Ei, 

i=3 

and then we obtain 

PkiVHk) = {VHk,E2) [filEi - ^l]:^E2) - {-if {VHk,Ei) i,\E2 

n 

+ {-lfY,i^Hk,Ei)fiiE,. 
Thus, equation ([39]) yields the following system of equations on Vk- 

\k,,l\ /V7U. /' i\A;,,l,2 



{VHk,E2) {OkHk + (-l)V') = 0, 



{VHk, E,) [DkHk + (-1) Vt) = 0, for i > 3. 
Therefore, if (V-fffe, E2) ^ 0, then we get 

(-l)V' = -DkHk and fi]'^^ = 0, (51) 
and, for every i = 3, . . . , n such that {VHk, Ei) / 0, we have 

(-l)V: = -DkHk. (52) 

We claim that l^H}^,Ei) = for some i. Otherwise, equations (jSip and (j52p hold, and then 
we get 



tr(Pfc) = - {PkEi,E2) - {PkE2,Ei) + ^ {PkE^,Ei) 

1=3 

n 

= (-1) + (-i)Vi + = -^DkHk. 

1=3 

But this means, from Lemma [3)^b), that H^^ = on V^, which is a contradiction. 

Observe that when {'VHk,Ei) 7^ 0, for some i > 3, then (after re-arranging the local 
orthonormal frame if necessary) we may assume that there exists some m G {3, . . . , n} such 
that 

{VHk, Ei) 7^ for i = 3, . . . , m, and K3 < • • • < Km- (53) 
{VHk, Ei) = Oior i = m + l,...,n. 

Claim 4 If (SJH^^Ei) = (V//fc,£'2) = 0, then for every non-empty set J C {3, . . . ,m} we 
have 
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Claim 5 If {VHk, Ei) ^ and (VHk, E2) =0, then for every non-empty set J C {1, 3, ... , m} 

we have 

Claim 6 If (VHk, E2) 7^ 0, then for every set J C {3, . . . , m} (admitting J = %) we have 

In Claims [5] and [6l m G {3, . . . ,n} is the number such that ()53p holds. If such number m 
does not exist, then Claims and [U] are only valid for J = {1} and J = 0, respectively. These 
Claims can be proved similarly to Claims [T] and [3^b). 

Finally, from ()3ip and ()53p . we have that AEi = rjiEi, for i = m + 1, . . . ,n, where rji = 
—CkHkj^iHi — cckHk is a constant eigenvalue of the constant matrix A. Then we obtain that 

^ ^ ^^^^ ^ . . . ^ ^^^r^ ^ > (54) 

for certain constants Bi (see (|49p ). To finish the proof in this case, we distinguish three 
subcases: 

(3.1) {VHk,Ei) = {VHk,E2)=0, 

(3.2) {VHk,Ei) / and {VHk,E2) = 0, 

(3.3) {VHk,E2)^0. 

Since the three subcases are similar, we will prove one of them, for example the case (3.1). 
From {VHk,E2) = and equation ([3T]) we get AE2 = r]E2, where r] = —CkHk+iK — cckHk is 
a constant eigenvalue of A. Thus, we can find two constants (3o,Pi such that 

K = /3o + /3iFfc. (55) 

On the other hand, from Claim 2] for the set J = {3, . . . , m}, we obtain that 

that, jointly with (jSip and ([55]) . leads to 

{—l)''^^DkHk = Go + GiHk + • • • + GkH^, 

for certain constants Gj. Thus, Hi^ is locally constant on Vfc, which is a contradiction. 

Subcases (3.2) and (3.3) can be proved in a similar way by using now Claims [5] and [U 
respectively. 

Case 4: S is of type IV. Let {Ei,E2, . . . , En} be a pseudo-orthonormal frame giving the 
canonical form of S (see Proposition [7|). We proceed as in Case 3 to show that equation ([39]) 
is equivalent to the following equations on Vk- 

k,.i\ 1 /V7U r \ i\fc,,i,2 /V7IT TP \ f 1,2,3 



{VHk,Ei) [DkHk + (-l)V, + (VFfc,i^3) (-l)>ri - {'^Hk,E2) (-l)>t2 = 0' 



{VHk,E2) [DkHk + {-!)'' fi]] =0, 



{VHk,Es) [DkHk + (-l)V') - {yHk,E2) (-l)VL'i = 0' 
{VHk, E,) (OkHk + (-l)VO = 0, for i > 4. 



23 



Thus, if (Vi^fc, E2) / 0, we get 

(-l)V^ = -DkHk. fil'^^ = and ^il'^f = 0. (56) 
However, if (Viffc,S2) = and {VHf^^E^) ^ 0, then we have 

= -^fc^fc and ^il'!,=0. (57) 
Moreover, for every i = 4, . . . , n such that {VH^, Ei) 7^ 0, we get 

(-l)V: = -DkHk. (58) 
We claim that (VHk,Ei) = for some i. Otherwise, ()56p and (I58p hold and then we deduce 

n 

tr(Pfc) = - {PkEi,E2) - {PkE2,Ei) + {PkE3,E3) + ^ (PkE^Ei) 

1=4 

n 

= (-i)v^ + (-i)v^ + (-1) + = -^D,H,, 

i=A 

but this means, from Lemma [3l that Hk = on Vfc, which is a contradiction. 

If there is some i>A such that (VH^jEi) 7^ 0, then (after re-arranging the local pseudo- 
orthonormal frame if necessary) we may assume that there exists some number m G {4, . . . , n} 
such that 

{VHk, Ei) / for i = 4, . . . , m, and K4 < • • • < Km- (59) 
(Vi/fc, Ei) = for i = m + 1, . . . , n. 

Claim 7 // {VHic,Ei) = {'VHk,E2) = {VH/^jEs) = 0, then for every non-empty set J C 
{4, . . . , m} we have 

Claim 8 // {VHk,Ei) / and {VHk,E2) = {VHk^E^) = 0, then for every set J C 
{4, . . . , m} we have 

Claim 9 // {VHf^, E2) = and (VH^^E^) ^ 0, then for every sei J C {4, . . . , m} we have 

Claim 10 // (VHk, E2) ^ 0, then for every set J C {4, . . . , m} we have 

^l,2,3,J ^ (60) 

In Claims [8l [9] and [TOl m > 4 is the number such that ()59p holds. If such number does not 
exist, then these claims are valid only for J = 0. 

Claims [71 [8] and [9] can be proved analogously to Claims [T] and [3l Thus we are going to 
prove Claim [TO] by induction on the cardinality of J. 
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From ([56]) we get Kfi^''^^ + /^^^^^ = 0, and then 

Mi = f^l'' + -f^Z = f^l' = ^]:'' + = /^^^'^ + 4 -/^i^f ) = z^^^'^- 

From here and the first equation of (j56|) . we obtain (|6U|) for card(J) = (i.e. J = 0). Let us 
assume now that ([60]) hold for every set J with card(J) = 0, 1, . . . ,p < m — 3 and take a set 
-^0 = {jiij2 • • • )Jp+i} ^ {4, . . . ,m| witli cardinality p + 1 < m — 3. Let Ji and J2 be the two 
sets of cardinality p such that 

-^0 = {ji,i3, • • • ,Jp+l} U{j2} = {j2,i3,---,Jp+i}u{ji}. 

^ V ' ^ V ' 

J2 Jl 

By applying the induction hypothesis to Ji and J2, we deduce 

^l,2,3,J,^^l,2,3,J.^(_l)fc+l^^^^, 

By using ([6]) in the first equality we get {kj-^ — Kj2)fJ-l'^f''^° = 0, and from ([59]) we obtain 
= 0. Thus /u^'^'^'-^i = /^^'^'^'"^^ = ;U^'^'^'"^°, and the proof of the Claim finishes. 

Finally, from (f3T]l and ([59]). we get AEi = rjiEi, with i = m + l,...,n, where r]i = 
—CkHk+iKi — cckHk is a constant eigenvalue of the constant matrix A. Thus we have 

for certain constants i?i (see ()49p ). To finish the proof in this Case, we distinguish four 
subcases: 

(4.1) {VHk,Ei) = {VHk,E2) = {VHk,E3) = 0, 

(4.2) {VHk,Ei) / and {VHk,E2) = {VHk,E^) = 0, 

(4.3) {VHk,E2) = and {VH^^E^) / 0, 

(4.4) (VFfc,^2) /O. 

Since the four subcases are similar, we are going to prove one of them, the case (4.1). From 
{'VHk,E2) = and ([3T]) we get AE2 = r]E2, where r] = —CkHk+iK — cckHk is a constant 
eigenvalue of A. Then we have 

K = Po + (3iHk, (62) 

for certain constants ^0 ™d f3i. On the other hand, from Claim [7] for the set J = {4, . . . , m}, 
we obtain 

C ■\\k+lT~, TT _ ,,4,...,m _ ,,l,...,m , Q^, ,l,...,m I Q^2,,l,...,m , ^3,,l,...,m 

that, jointly with ([6T]) and ([62]) . leads to 

{-l)''+'DkHk = Go + GiHk + ■■■ + GkHl 

for certain constants Gj. But this means that is locally constant on Vfc, which is a contra- 
diction. 

Subcases (4.2), (4.3) and (4.4) can be proved similarly by using now Claims [8l [91 and [TOl 
respectively. 

In conclusion, from Cases 1-4 we deduce that the k-ih. mean curvature Hk is constant, and 
so the proof of Lemma O finishes. □ 
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6 Proof of Theorem [T] 



We have already checked in Section H] that each one of the hypersurfaces mentioned in Theorem 
[T]does satisfy the condition Lkip = Aip, for a self-adjoint constant matrix A £ ]r("-+2)x("-+2)_ 
Conversely, let us assume that ■0 : M — )• MJ?"*"^ C M^^^ satisfies the condition Lf^ip = Aip, for 
some self-adjoint constant matrix A G M("+2)^("+2). Since 6 = 0, from (|35|) we get that is 
constant on M, and from Lemma [9] we know that H^+i is also constant on M. 

Let us assume that Hk+i is a non-zero constant (otherwise, there is nothing to prove). 
From ([H]), dSOD and ([31]), we have 

All! = CkHk+iN - cckHki!, (63) 
AX = -CkHk+iSX - cckHkX, (64) 
AN = aN + ecckHk+iip, (65) 

with a = —eCk{nHiHk+i — {n — k — l)Hk+2)- Taking covariant derivative in (j65|) . and using 
(fMl) . we have 

V^xi^N) = (Va, X)N- aSX + ecckHk+iX, 
but also from (j64p we obtain 

V^(^A^) = ^(V^iV) = -A{SX) = CkHk+iS'^X + cckHkSX. 

Prom the last two equations we deduce that a is constant on M, and also that the shape 
operator S satisfies the equation 

S'^ + XS- eel = 0, A = — ^ — + = constant. (66) 

As a consequence, M is an isoparametric hypersurface in M"^^ and the minimal polynomial 
of its shape operator S is of degree at most two. We claim that M is not totally umbilical. 
Otherwise, from Example[2]we get that it should be totally geodesic, but this is a contradiction, 
since we are supposing that H^+i is a non-zero constant. Thus, the minimal polynomial of 
S is exactly of degree two. If S is diagonalizable, then M has exactly two distinct constant 
principal curvatures, and then it is an open piece of a standard pseudo-Riemannian product 
(Example ED, [ISl EQl EI] . 

Suppose now that S is not diagonalizable, so that the minimal polynomial of S is given 
by iJLs{t) = + Xt — ec, with discriminant ds = X^ + 4ec < 0. From equations (f63]) - ([66]l 
we easily deduce that the minimal polynomial of A is given by ^XA{t) = + ait + oq, where 
ai = 2cckHk — XckHk+i and ao = c\h1 — Xcc\HkHk+i — ecc|-ff|^^ are constants. Since 
the discriminant cLa of /iA(i) is given by dA = c^H'^^^ds, then A also is not diagonalizable. 
Since {Aip,ip) = —Ck is constant and ^A^—cck) / 0, then M is an open piece of a quadratic 
hypersurface as in Example HI That concludes the proof of Theorem [TJ 

7 Proof of Theorem [2] 

We have already checked in Section U] that each one of the hypersurfaces mentioned in Theorem 
[5]does satisfy the condition I/feV = Aijj + h, for a self-adjoint constant matrix A G m("'+2)x("'+2) 
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and some non-zero constant vector b. Conversely, let us assume that ip : M ^ M"^ C Mg"*" 
satisfies the condition L^^ = Aip + b, for some self-adjoint constant matrix A G m("-+2)x("-+2) 
and some non-zero constant vector b. Since is assumed to be constant on M, from Lemma 
[9] we know that H^+i is also constant on M. The case H^^i = cannot occur, because in 
that case we have 6 = (see Example [1]) . 

Let us assume that -fffc+i is a non-zero constant. From ()35p we obtain that b~^ = and 
that the function (6, ip) is constant on M. Now we use (|34|) to deduce that 

{b, N) = ^ ^ (6, ip) = constant. 

Since b = e {b, N) N + c{b, -0) ip, taking covariant derivative in this equation we have 

-s{b,N) SX + c{b,^p) X = 0, 

for any tangent vector field X. If {b, N) ^ 0, then M is totally umbilical (but not totally 
geodesic). Otherwise, b = c{b^ip)ip and then {b^ip) = 0, but this implies 6 = 0. That 
concludes the proof of Theorem O 
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